The simulation of light scattering by particles on a substrate with the Tmatrix method relies on the expansion of the scattered field in spherical waves, followed by a plane wave expansion to allow the evaluation of the reflection from the substrate. In practice, the plane wave expansion (i.e., the Sommerfeld integrals) needs to be truncated at a maximal in-plane wavenumber κ max . An appropriate selection of κ max is essential: counter-intuitively, the overall accuracy can degrade significantly if the integrals are truncated with a too large value. In this paper, we propose an empirical formula for the selection of κ max and discuss its application using a number of example simulations with dielectric and metallic oblate spheroids on dielectric and metallic substrates. The computed differential scattering cross sections are compared to results obtained from the discrete-sources method.
Introduction
Light scattering by structures on a substrate is relevant in a variety of applications, including total internal reflection microscopy [1] , surface enhanced Raman spectroscopy [2] and quality control of silicon wafers [3] . In optical simulations of these systems, it is important to take into account the particle-substrate scattering interaction. The scattered field from the particle is partially reflected by the substrate and is then incident on the particle again, compare figure 1. Therefore, the optical response of the particle and the substrate cannot be regarded independently.
The T -matrix method introduced by Waterman [4] is one of the most popular numerical techniques for the simulation of scattering by compact obstacles, and has been extended by Kristensson [5] to the case of particles near infinite interfaces. In general, the scattered field is expanded in outgoing spherical vector waves originating from the particle center. With regard to the substrate reflection, these spherical waves need to be transformed into a plane wave expansion, allowing the application of Fresnel reflection for each partial plane wave.
This transformation of the electric field's spherical wave expansion into a plane wave expansion typically enters the method in the form of onedimensional integrals over the in-plane wavenumber 0 ≤ κ < ∞. These so called Sommerfeld integrals are usually solved numerically, and the maximal wavenumber κ max at which the integrals are truncated is the central issue of this study. In this paper, we focus on the critical case of flat particles on a substrate, when the particle's circumscribing sphere intersects with the planar surface. Due to the divergence of the spherical wave expansion inside the circumscribing sphere [6] , the applicability of the T -matrix method is not obvious for such geometries. Doicu et al. [7] have demonstrated numerically that in fact, a surprisingly good accuracy is possible, and in a recent paper [8] , we have argued that it is the convergence of the plane wave expansion and not of the spherical wave expansion that ensures a valid treatment of the reflected field from the interface. Thereby, it could be confirmed that the T -matrix method is in general valid also for flat particles on a substrate. However, the spectrum of the plane wave expansion converges not uniformly, but only pointwise with increasing multipole order of the scattered field's original T -matrix representation [8] . This has direct implications for the design of accurate numerical implementations.
Intuitively, one might expect that the largest κ max should lead to the best accuracy, and the selection of κ max was merely a trade-off between numerical with radius R, and the horizontal dashed line denotes the bounding plane at z = z min . Below the particle (dotted region), the scattered field is expanded in downgoing plane waves.
effort and accuracy. But this is not the case: The overall numerical accuracy for fixed multipole order first improves with growing κ max and then drops rapidly -a behavior that is also referred to as relative convergence [9] . A sophisticated selection of κ max is thus essential to ensure the accuracy of the method [8] .
Up to now, an a priori estimate for a suitable truncation wavenumber has been lacking. With this paper, we propose an empirical formula to estimate an appropriate κ max value as a function of the scattering particle size and of the truncation order l max used for the particle T -matrix.
In order to obtain such an empirical formula, we study the convergence of the plane wave spectrum of a translated dipole source representing the induced currents in the outermost infinitesimal volume of the particle. A similar approach has previously been applied by Cappellin et al. [10] in the context of antenna analytics. We finally illustrate the method with the example of light scattering by an oblate spheroid on a substrate. The simulated differential scattering cross sections are compared to accurate baseline results computed with the discrete sources method (DSM) [11] to evaluate the accuracy of the results obtained using the proposed formula.
The scattered field
The scattered field of a particle in frequency domain can be thought of as the joint radiation from infinitesimal induced current sources j(r) d 3 r physical picture T -matrix picture distributed over the particle volume V [12] , see the left part of figure 2:
where G(r, r ) denotes the dyadic Greens function of the electric field.
Spherical wave expansion
The fundamental feature [13] of the T -matrix method is the expansion of the scattered field in terms of outgoing spherical vector wave functions (SVWFs). For a particle centered at the coordinate origin,
where M (3) lmp are the outgoing SVWFs of degree l, order m and polarization p (1 for spherical TE and 2 for spherical TM), and b lmp are the expansion coefficients of the scattered field, whereas R is the radius of the circumscribing sphere of the particle, see figure 1 . We use the definition of the SVWFs as provided in [14] , with the difference that we distinguish between electric-and magnetic-type SVWFs using the polarization index p (compare [15] ), instead of using separate symbols M lm as in [14] . The spherical wave expansion coefficients of the scattered field can be constructed from (1) using the expansion of the dyadic Green's function in outgoing SVWFs [14, 16] :
where M (1) lmp denotes the regular SVWFs and k is the wavenumber of the medium in which the particle is located. Inserting (3) into (1) yields
Note the conceptual difference between (1) and (2). The contributions of the distributed infinitesimal currents in (1) (that are dipole sources) are gathered in (2) to one virtual source of multipole waves. In other words, all dipole sources are translated to the particle center -see also figure 2. It is reasonable to expect (and we will see later) that this translation is numerically more delicate for infinitesimal currents j(r) d 3 r far away from the particle center compared to those close to it.
Plane wave expansion
In order to account for reflection from the substrate, the scattered field below the particle is expanded in terms of downgoing plane vector wave functions (PVWFs)
where k − is a downgoing propagation vector (as the substrate is located below the particle) andê j is the unit vector in the polar (j=1) or azimuthal (j = 2) direction. Thus, the PVWFs are parameterized by the in-plane wavenumber κ and the azimuthal propagation angle α, such that (κ, α, −k z ) with k z = (k 2 − κ 2 ) 1/2 are the cylindrical coordinates of k − , as well as the polarization parameter j (1 for TE and 2 for TM). The expansion of the scattered field in downgoing PVWFs therefore reads:
where z = z min defines the transverse tangent plane that bounds the particle from below, see figure 1 . Then, g − j (α, κ) is the downgoing plane wave spectrum of the scattered field below the particle.
To construct the plane wave spectrum, one can use the expansion of the dyadic Green's function in downgoing PVWFs [17, 14] :
Inserting (7) into (1) yields the exact downgoing plane wave spectrum for the current distribution j(r):
In numerical methods where the induced current distribution j(r) is actually solved for (like the volume integral equation method [18] or the discrete dipole approximation [19] ), (8) could directly be used to numerically evaluate the plane wave spectrum. But in the T -matrix method, the scattered field coefficients are directly computed without solving for j(r), such that the scattered field's plane wave spectrum needs to be inferred from the spherical wave expansion coefficients b lmp . This is done by making use of the expansion of outgoing SVWFs in downgoing PVWFs:
where B − lmpj (α, κ) is the corresponding spherical to plane wave transformation operator [17, 8] . Inserting (9) into (2) and using (4) yields the spectral amplitude:
When constructing the plane wave expansion from the spherical wave expansion, the order of summation and integration is interchanged. In fact, R Figure 3 : A single current element with maximal distance to the particle center, i.e.,
this is not necessarily an identity operation and explains why the domain of validity for (6) can be different from that of (2), although the coefficients of the former are constructed from the latter. For a more detailed discussion of this aspect, see [8] .
Convergence of the plane wave spectrum
The reflection from the substrate can be directly computed from the plane wave expansion (6) of the scattered field [8] . It is thus the validity and accuracy of the scattered field's plane wave spectrum g − j (α, κ) that ensures the validity and accuracy of the reflected field from the substrate. For that reason, we will in the following section investigate the convergence of g − j (α, κ) without explicitly addressing the reflection from the substrate.
In section 2, we have cited two expressions for the plane wave spectrum of the scattered field of a particle: the exact expression (8) and an expression (10) derived from the spherical wave expansion, which refers to the T -matrix method. The latter involves a series over the multipole order and degree, and here we want to study how the partial sums
of this series converge to the exact plane wave spectrum with increasing truncation mutlipole order l max . In order to quantify the error of a partial sum of (11), we define the azimuthally averaged relative quadratic error of the plane wave spectrum (MSE),
The basic idea is now to select the truncation scale κ max of the plane wave expansion such that MSE < 1 for all κ < κ max :
Thus, we include only those κ-regions in the numerical treatment where the plane wave spectrum has already converged, whereas κ-regions where the convergence has not yet been achieved are excluded. In other words, we assume that when MSE > 1, it is numerically more favorable to just set the plane wave spectrum to zero as opposed to considering the erroneous contributions from the not-converged g − lmax,j (α, κ). The goal is to investigate how the convergence of the plane wave spectrum depends on the size of the particle. In fact, the plane wave spectrum and thereby its convergence depends on the actual induced current distribution j(r) in the particle, which we do not know. However, as the convergence of g − lmax,j (α, κ) is limited by those induced current source elements j(r) d 3 r that are located far away from the particle center, a conservative estimate of κ max can be obtained by modelling the current distribution j(r) with a single point dipole current source located on the surface of the circumscribing sphere [10] :
where the unit vectord refers to the dipole orientation and |r d | = R, compare figure 3. We will next check how the separation of the infinitesimal current source from the particle center affects the convergence rate. Figure 4 shows a graphical representation of the plane wave spectrum for a dipole source with kr d = (1, 0, 0) andd = (1, 1, 0)/ √ 2. One can clearly see that in the image center, where κ is small, the plane wave spectra approach the exact spectrum faster with growing l max compared to the off-centered regions where κ is large. This has also been observed by Cappellin et al. [10] . Figure 5 shows the azimuthally averaged quadratic error as a function of κ. Indeed, the quadratic residual grows with κ and the regime where MSE < 1 grows with l max . This increase of κ max with l max is shown in figure 6 for various r d .
For a fixed dipole location and orientation, κ max as a function of l max can be fitted by a straight line. In principle, the slope and the y-intercept of this line depend on the dipole position and orientation. As expected, κ max grows when the current source moves closer to the particle center, because here the plane wave spectrum g − lmax,j converges faster to the exact spectrum. Regarding the direction of r d , we focus on the case of a lateral displacement, r d ⊥ê z -for the following reason: The truncation of the Sommerfeld integral is only critical for the overall accuracy for flat particles close to the substrate. For non-flat particles, the separation of the particle center to the planar interface leads to a suppression of contributions with large κ, which correspond to evanescent waves decaying fast with growing z-distance to the particle center. But for flat particles, the actual limit of κ max is defined by the lateral extent of the particle as opposed to the vertical extent.
In the case of a horizontal displacement of the current source, κ max is always larger ford ⊥ r d (not shown) compared tod r d ( figure 6 ). The critical case is thus r d ⊥ê z withd r d . We fit the observed behavior of κ max as a function of l max with a phenomenological formula. In the range of 0.5 |kr d | 10 and l max 20,
with R = |r d | provides a reasonable fit, compare figure 6.
Application examples
In order to explore the application of (15) to a real scattering problem, we studied light scattering by an oblate spheroid on a substrate. The axis of revolution is given by the z-axis, which is normal to the substrate surface. We denote the spheroid's half axis in z-direction by C (fixed to 50 nm), the half axis in the transverse directions by A, the particle's refractive index by n P , the substrate's refractive index by n S and the incident plane wave's vacuum wavelength by λ and its angle of incidence by β. In order to compute the scattered far field including the particle-substrate interaction we used SMUTHI, a new Python package for the simulation of scattering particles in layered media, which is available for free download [20] . For the simulation of the spheroid's T -matrix, the NFM-DS Fortran code based on the nullfield method with discrete sources was used [21, 14] . The maximal multipole degree was set to l max = 10, whereas the Sommerfeld integrals were truncated at κ max according to (15) , and for comparison also at a higher value of κ max = 5k. The resulting far fields are then compared to accurate baseline results computed with the discrete sources method [3] . Figure 7 shows the calculated differential scattering cross section for eight different example configurations. The chosen refractive indices correspond to the case of a typical polymer particle or a silicon particle on a glass substrate or on a silicon substrate in the visible or UV region, where silicon is metallic. The parameters of each simulation are shown inside the respective plot The excitation is given by a plane wave polarized into the y-direction ("TE") or into the x-direction ("TM"). The spheroid's short semi axis is fixed to C = 50 nm whereas the size of the long semi axes A = B is indicated near the respective curves, together with the substrate (n S ) and particle (n P ) refractive index and the plane wave's vacuum wavelength λ and polar angle of incidence β. In the T -matrix calculations, l max = 10 was used. The solid lines were computed using truncated Sommerfeld integrals according to (15) , whereas the dashed lines refer to a truncation at κ max = 5k which is larger. The dots refer to reference calculations using the discrete sources (DS) method. panels. In most cases, the agreement between the T -matrix based simulations using a Sommerfeld integral truncation according to (15) and the DSM reference simulations is very good, except for the case of A = 400 nm with an aspect ratio of C/A = 1/8. In any case, the agreement is significantly better with a correct Sommerfeld integral truncation compared to the case of a truncation at a too large wavenumber κ max = 5k. For the case of n P = 1.6, n S = 4.08 + 0.03i, λ = 550 nm and β = 0 • , we quantify the relative deviation of the T -matrix based simulations from the reference simulations with respect to the L 2 -norm of the differential scattering cross section. The resulting relative error, as a function of l max and κ max is shown in figure 8 . One can clearly see that for a fixed A and l max , the error increases significantly for κ max larger than some critical value, and that this critical value grows linearly with l max (see left panel). The estimate (15) for κ max is shown as white dashed lines. Further, for fixed l max the critical κ max decreases rapidly with increasing lateral semi axis A (see right panel). In all cases, the estimated κ max is well below the critical κ max , and can thus be used for valid simulations.
Discussion
With (15) we have suggested a formula for a conservative estimate of κ max , that is the in-plane wavenumber at which the Sommerfeld integral needs to be truncated in order to avoid contributions from the diverging spherical wave expansion in the near field zone. For that purpose, we modelled the generic induced current distribution inside the scattering particle with a single point dipole located at the outermost part of the particle volume, i.e., the position with the maximal distance to the particle center.
One consequence of this approach is that the estimated κ max can be smaller than the actual optimal truncation, as the overall scattering response of the particle is not only determined by the outermost volume elements, but also from those located more towards the particle center, which correspond to a smaller |r d | and thereby to a larger κ max . In this sense, (15) is a conservative estimate. This can also be seen in figure 8 , where the estimated κ max is well below the critical κ max .
It is important to note that a truncation of the Sommerfeld integral according to (15) is neither sufficient nor necessary for an overall accurate simulation result. The challenge is rather to pick l max and κ max such that each of the following three requirements is satisfied:
1. The truncation multipole degree l max is large enough such that the spherical wave expansion of the conventional T -matrix method converges to the desired accuracy. This can be assured for example by the Wiscombe criterion or some refined prescription of similar kind [22, 23] . 2. The truncation in-plane wavenumber κ max is large enough such that the relevant part of the evanescent wave spectrum is included in the treatment. This depends on the distance ∆z between particle center and substrate, as the contribution of the evanescent waves is damped with ∼ exp(2i∆zk z ) where the imaginary part of k z grows with κ > k. If this criterion leads to a κ max smaller than suggested by (15) , there is no need to use the larger value. 3. The truncation wavenumber κ max is not much larger than the domain where the plane wave spectrum has converged. This can be assured by using (15) .
Finally, we note that the here presented analysis does not only hold for particles near an interface, but in general for the near field reconstruction by means of a transformation from a spherical wave expansion to a plane wave expansion, for example in the context of multiple scattering by non spherical particles with overlapping circumscribing spheres [24] .
Conclusions
We have presented a formula for the estimation of a suitable truncation scale κ max of Sommerfeld integrals appearing in the simulation of light scattering by flat structures on a substrate with the T -matrix method. By comparing the calculated differential scattering cross section to accurate baseline results, we have confirmed that the estimate is valid. We hope that this work will turn out useful in propagating the T -matrix method to a broader range of applications, where a careful treatment of the scattered near field interaction between scattering particles and planar interfaces is essential.
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